We consider modified teleparallel gravity (f (T ) gravity), as a framework to explain the present accelerated expansion of the universe. The matter component is assumed to be cold dark matter. To find the explicit form of the function f , we utilize generalized Noether theorem and use generalized vector fields as variational symmetries of the corresponding Lagrangian. We study the cosmological consequences of the obtained results.
Introduction
In teleparallel gravity [1] , the gravitational interaction is described using torsion, instead of the curvature used in general relativity; and instead of the torsion-less Levi-Civita connection, curvature-less Weitzenböck [2] connection is employed. The gravitational action of this model is given by
where |e| = det e a µ , and the metric components are related to tetrad via
In (1), the torsion scalar T is
where T is torsion of the Weitzenböck connection, and
is the contorsion tensor. A candidate to describe the present accelerated expansion of our universe [3] , is the modified theory of gravity [4] . In modified theories based on general relativity, the gravitational action S = f (R) √ −gd 4 x. Inspired by this model modified teleparallel gravity has been proposed to study the acceleration expansion of our universe [5] . This model is described
where S m is matter action. In some papers, the form of f (T ) is suggested and then its cosmological consequences are investigated [6] . In some other papers, the Hubble parameter or the behavior of the effective energy density is specified and then using modified Friedmann equations, the form of f (T ) is obtained [7] .
Another way to determine a specific form for f (T ), is to use symmetries of the problem. Noether symmetry provides us a mean to get some insights about the form of f (T ) [8] . This method was used to determine the form of the potential in quintessence model, and to specify the modifications in modified theories of gravity [9] . In the aforementioned papers, the studies were restricted to Noether symmetries corresponding to vector fields whose coefficients were assumed to depend only on time and coordinates (in configuration space). In generalized symmetries, the coefficient functions of the vector fields contain first and higher order time derivatives of coordinates. In this situation, a generalization of Noether theorem can be realized. To see a discussion about this case see [10] , where the generalized Noether symmetry and their corresponding generalized vector fields are studied. To have an insight of this subject, consider the motion of a particle under influence of a central force, characterized by the Lagrangian
In this problem, one can find the generalized vector fields [11] X 1 = r 2 cos θθ ∂ ∂r + cos θṙ − 2r sin θθ ∂ ∂θ
as variational symmetries of lagrangian related to Runge-Lenz vector [10] .
In this manuscript, we consider modified teleparallel gravity (f (T ) model), as a framework to explain the present accelerated expansion of the universe and intend to use generalized Noether symmetry corresponding to generalized vector fields to find the explicit form of the function f (T ).
The structure of the manuscript is as follows: In the second section after some preliminaries, we introduce the Lagrangian formalism for modified teleparallel gravity. We assume that the dominant matter component is cold dark matter. Based on generalized Noether theorem, we introduce a generalized vector field and obtain a system of partial differential equations for the coefficients and the function f . In the third section, the system of differential equations is solved and based on explicit form derived for f (T ), and integrals of motion, some cosmological consequences of the obtained results are discussed.
We use units = c = G = 1 through the paper.
2 Generalized Noether symmetry
Preliminaries
We consider a spatially flat Friedmann-Robertson-Walker (FRW) space time in comoving coordinates
a is the scale factor and in terms of the Hubble parameter, H =ȧ a , the scalar torsion (3) is given by
The modified Friedmann equation is
where f ,T = df dT , and the effective dark energy density is
The Raychaudhury equation is given by
where P m is matter pressure. ρ m and P m satisfy The continuity equation
The equation of state parameter (EoS) of the universe can be written as
We assume that the matter component is dominated by cold dark matter characterized by P m = 0, leading to ρ m = ρ m0 a −3 , where ρ m0 is a constant.
By adopting a suitable Lagrangian [8] 
in the configuration space q i = {a, T }, the Euler Lagrange equation
The modified Raychoudhury equation (13) is deduced from
The modified Friedmann equation is emerged from the Hamiltonian constraint [8] . Indeed
gives
which is the same as (11) rewritten for cold dark matter.
Generalized symmetry
A generalized vector field is expressed as [10, 11] 
where ǫ and ϕ j are smooth functions of t, n canonical coordinates q i , and their first and higher order time derivatives. X is the generator of a variational symmetry of the Lagrangian iff there there exists a continuous func-
where the first prolongation of X is
Inspired by (8) , and for the sake of simplicity, in the same manner as [10] , we restrict ourselves to the case where the coefficients are linear in the velocities
The Noether integral is
By putting (16) and (23) in (21), and equating expressions containing the same order of time derivatives of a and T in both sides, we get:
where p(a, T ) is a continuous function, and also a system of differential equations:
The integral of motion is
3 Solutions α, β, λ and γ do not involve in the three last equations in (27). These three equations are sufficient to determine the form of f (T ) if either of ǫ 1 and ǫ 2 is non zero. In this situation one obtains a power law expression for f (T ) = µT n , which using (19) leads to a(t) ∝ t 2n 3 whose the cosmological consequences are discussed in [8] . In this case by solving (27), an additional Noether symmetry corresponding to the the generalized vector field specified by
where y = T a 3 n and F is an arbitrary continuous function, is attained. For ǫ 1 = ǫ 2 = 0, obtaining an analytical solution for the system (27) is very complicated, if not impossible. So to go further, one should examine specific cases. Here we consider solutions characterized by ǫ = 0. By this simplification the following specific solutions for f (T ) are derived (using the Maple 13 PDEtools package) :
which are not acceptable because the first one is not consistent with f ,T T = 0 used in our procedure, and the second one when inserted in (19) gives ρ m = C 2 16π , which does not describe cold dark matter. The third specific solution is
with the condition
implying that H is real. For this solution, the Noether integral is
which can be rewritten as
where the constant d is defined by d :=
By using (19) and after some computations we obtain d = ±ρ , wherẽ ρ m0 = 16πρ m0 , leading to
Dimensionless parameters c 1 and c 2 are defined through C 2 = c 2ρm0 ; C 1 = ρ m0 c 1 . We use τ = t √ρ m0 instead of the cosmic time and dimensionless
dτ is considered. (32) may be rewritten as
and (35) implies
To see whether the phantom divide line (w = −1) crossing is allowed in this model, we must compute dh dτ . Using (35), after some calculations, we obtain
Therefore the transition from dh dτ < 0 to dh dτ > 0 and vice versa are not possible. In the following we consider dh dτ < 0 which corresponds to c 1 > 0. (36) leads to c 2 > 0. To study the cosmological consequences of this model we try to solve the differential equation (35), with the constraint {c 1 > 0, c 2 > 0}. We write (35) as
whose solution is given by
Where C is a constant. Using h = 1 6a 6 (τ )
As h is a decreasing function of τ , we expect that h becomes negative after some time, dubbed as turnaround time (see fig(1) and fig(2) ). This turnaround occurs at
As crossing the phantom divide line is not permitted, the Hubble parameter continues to decrease and reach at
asymptotically.
To study the acceleration of the universe, we consider
which has the same sign asä. S = 0 occurs at the times τ 1 and τ 2 specified by
To elucidate the behavior of S, we compute dS dτ at these points. The result is
which shows that in this model the universe has a positive acceleration (in the sense thatä > 0) for τ < min.{τ 1 , τ 2 } and τ > max.{τ 1 , τ 2 }. For min.{τ 1 , τ 2 } < τ < max.{τ 1 , τ 2 } we haveä < 0. So far, as we have not fixed the values of c 1 , c 2 , and C, our discussions and results were general. To be more specific, we must put some physical conditions on these parameters. To do so, we consider the effective EoS parameter of dark sector, w T = P T ρ T , where P T and ρ T are the effective pressure and energy density attributed to modified teleparallel gravity respectively [6] . We also consider the relative densities defined by Ω m = 8πρm 3H 2 , and Ω T = 8πρ T 3H 2 . The relative dark matter density can be written as
Using w = Ω T w T [8] , and Ω m + Ω T ≈ 1, we obtain
Equations (47) and (48) provide us a tool to determine the parameters of the model. We take the present time to be at τ = 0 and take [12] Ω m (τ = 0) ≈ 0.25
as initial conditions (i.e. conditions respected by the model in a specific time, e.g. the present epoch). By solving (49), c 1 and c 2 are obtained in terms of C as
or
where W , denotes LambertW function. Our choices for C may be restricted by adopting further conditions. One of these conditions may be that the dark sector of the universe encounters a phase transition from w T > −1 to w T < −1 in the present era, implying
We must also take into account h(τ = 0) > 0 and S(τ = 0) > 0, corresponding to the fact that the present expansion of the universe has a positive acceleration.
As an illustration of our results, in fig.(1) (fig.(2) ), S and h are depicted in terms of τ , for {c 1 = 0.7435, c 2 = 201.5087, C = −0.23} and for solutions with negative (positive) sign in (40). Fig. (2) , as is related to a contacting universe at τ = 0, does not represent our actual universe. In fig.(1) , we have ρ m0 ≈ 0.0005H 2 (τ = 0), where H(τ = 0) = 7 30000 M pc −1 is the value of the Hubble parameter at the present era [12] . As we have not taken a(0) = 1, ρ m0 must not be confused with the value of matter density at the present time. Note that, the qualitative behaviors of h and S in these figures are consistent with was discussed after eq. (46), and do not depend on the specific values of the parameters. But as we have shown, astrophysical data, by fixing the initial conditions, put some quantitative constraints on these behaviors.
The explicit form of crossing the line w T = −1, in the present era, is depicted in fig.(3) . This figure shows that, by a suitable choice of the parameter C, the dark sector can exhibit a transition from w T > −1 to w T < −1 in the present era.
Conclusion
The modified teleparallel gravity (f (T ) model of gravity) is a framework to study the present accelerated expansion of the universe. To determine the form of f (T ), one can use the Noether symmetry. This method was vastly used in the literature to specify the form of modifications in modify theories of gravity as well as to determine the form of the scalar field potential in dark energy models. In [8] , where the coefficients of vector fields are taken to be functions of coordinates, only one form for f (T ) is deduced: f (T ) = µT n , where µ and n are two real numbers. The scale factor is a(t) ∝ t In this paper, this approach was extended to the generalized Noether symmetry where the coefficients of generalized vector fields contain the terms linear in velocities (time derivative of configuration space coordinates). In our study, we assumed that the matter component of the universe is dominated by cold dark matter. Beside the solution of [8] , we obtained new explicit forms for f (T ) (see (31)). The novel aspects of these solutions are that the EoS parameter of the universe is no more a constant, and besides a turn around, the universe encounters successive acceleration deceleration phases in the era where the matter component is dominated by cold dark matter.
In our model the universe cannot cross the phantom divide line. Indeed, as was explained, we have alwaysḢ < 0, whence w > −1. Despite this, the EoS parameter of the dark sector, namely w T , may be lower than or equal to −1, and w T > −1 to w T < −1 transition, as illustrated in fig.(3) , may occur in our present era. This characteristic is absent in some previous frameworks where an exponential form, or other forms inspired by viable f (R) gravities, for f (T ) were proposed [13] . As a summary, on the base of fundamental symmetry theories, generalizing the Noether symmetry provides us a mean to obtain new forms for f (T ), which may be physically more viable.
In our study the coefficients in vector fields were linear in the velocities (see eq. (23)). By adopting more generalized form of vector fields, it may be quite possible to obtain new f (T ) models which may be more consistent with astrophysical data. However, due to computational hurdles, finding analytical solutions in these cases is very complicated.
